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i Abstract. We derive a probabilistic representation for the Fourier symbols 

^ 1 of the generators of some stable processes. 

o 

1. Introduction and main results 

. The connection between fractional operator in space and diffusion with long 

Ph ' jumps has been pointed out by many researchers (see for example [1; 5; 7] and 

^ (— I the references therein). It is well known that the compound Poisson process is a 

continuous time stochastic process with jumps which arrive, according to a Poisson 
process, with specific probability law for the size. Our aim is to characterize the 
jumps distribution in order to obtain singular limit measure characterizing frac- 
tional powers of operators. 

Let N(t), t > be a Poisson process with rate A > 0. Let Yj, < j < n be n+ 1 
. i.i.d. random jumps such that Yj ~ Y for all j, where the symbol "~" stands for 

equality in law. It is well known that 



00 1 N(t) 

(1.1) Z t = ^2Yj - XtEY, t>0 

| is the compensated Poisson process with generator 

(1.2) (Af)(x) = A / (/(* + y) - f(x) - yf'(x)) v Y (dy) 



' where vy :!lClh> [0,1] is the density law of Y € Q. The latter is quite familiar 

in the representation of the fractional power of the Laplacian. Indeed, the fractional 
Laplace operator can be defined pointwise: 



C d (a) dy 

(|y|<l)^ |y|2a+d 



(1.3) -(-A)«/(x)=/ (7(x + y)-/(x)-yV/(x)l 

where Cdip) is a constant depending on d and a e (0,1), / is a suitable test 
function, C 2 function with bounded second derivative for instance. 

In this short paper, we construct continuous random walks with exponential 
and Gaussian jumps driven by pseudo-differential operators with Fourier multiplier 
3» 7 (£) which converges to |£p with j3 <E (0,2) as 7 — > 0. In particular, we first 
consider the random jump Y = je x € [7, 00) where X ~ Exp(a) and a, 7 > 
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0. We have that P{Y e A} = f A v Y (dy) with vy(y) = a7 Q y" Q " 1 l (y > 7) . By 
" symmetrizing" , we get that 

(1-4) vy{y) = 9^v(-y)l(3/<-7) +PVY{y)l( y >~ t ) 

is the density of Y* = e Y with Radcmacher law 

P{e = +l}=p, P{e = -l} = q 

for the random variable e where, we obviously assume that p + q = 1. For p = q, 
formula (1.4) takes the form 

(i-5) Mv) = \m\v\) = ^li/r a - 1 ici»i>7) 

and Y* is therefore written as 

, „s Y* _ f ie X , with probability 1/2, 

1 — 7e x , with probability 1/2. 

We write the corresponding compound Poisson process as follows 

N(t) N(t) N(t) 

(1.7) £*7 ^t/- <>o 

j=0 j=0 j=Q 

with Xj ~ X, ej ~ e and 7,- = 7 for all j = 0,1,2,.... We also assume that 
all the random variables we are dealing with are taken to be independent, that is 
Eeej = Ee-j€j< = 0, V7, j' such that j ^ j'. Observe that, for all e > 0, P{je x < 
e} -> P{e x < +00} = 1 as 7 ->• 0. 

We recall that the symbol — > stands for "converges in distribution" and state 
the following results. 

Theorem 1. Let $~)°-(t), t > 0, j = 1,2 &e £wo independent stable subordinators. 
For given p,q > smc/i £/ia£ p + q = 1, a G (0, 1), 

(1.8) 4(4/7°) -^J5?(pt*)-J5?(90 

7— >o 

wif/i i* Ar(l — a)£ and generator 

(1.9) ^^-ATd-a)^-^^)^). 

The Weyl's fractional derivatives appearing in (1.9) are defined as follows: 

rf_7, ^_ L_ if,, _ ^ 

da;° W ~r(l-a)da;./ /lX *V 

= : F7T~ — 7 / (/(^-/(^-J/^-S+i! 

r(i-a)y V 

d(-x) a T(l - a) cfe J y Q 

=?zr^ /~ (/(*)-/(* + »)) -srr- 

We consider "good" functions / : 1 4 [0, 1] whereas, we obtain the Riemann- 
Liouville derivatives (left-handed and right-handed respectively) by considering / : 
R+ i-> [0, 1] and / : M_ M> [0, 1] respectively. In the integrals above, for example, 
one can write /(z)l(z>o) and /(z)l(2<o) and obtain the operator governing the 
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(totally) positively and negatively skewed stable process, that is q = and p = 
respectively in (1.9). 

Remark 1. A stable subordinator is a one- dimensional non- decreasing Levy process 
with Eexp(-/^ t Q ) = exp(-^i a ), a G (0,1). We observe that f)f(0) = for j = 1,2 
and therefore the process (1.8) converges (in distribution) to a totally positively (if 
q = 0, P{tj = +1} = 1, y j) or negatively (if p = 0, P{(j = —1} = 1, VjJ skewed 
stable process. Furthermore, for a given process Xt, t > we notice that Xgt runs 
slower than X t as well as is less that 1. 

Theorem 2. Let &°(t), t > be a symmetric stable process with j3 G (0, 2). Then, 
forp = q=l/2,ae(0,2), 

(1.10) A{t/r) 6°(f) 

£* ! £ 1 — ^ aACi and generator 

(1.11) ^ /(x) = _ aAC |^_ (a;) 

w/iere 

„ ^ 1 /" 1 — cosy , 

We now introduce the reciprocal gamma random variable E ai a > with 
P{E a G da;} = x T ( a ) e~ 1 ^ x dx (the reciprocal gamma process has interesting con- 
nections with stable subordinators and Bessel processes, see for example [3]). We 
also consider the (normal) random vector Y ~ iV(0,er 2 ), Y G M. d , with random 
variance a 2 a ~ \E a for some 7 > and define the process 

N(t) 

(1.13) A(i) = J2 £i Y J 

where ej ~ e Vj, e has Radcmacher law as above, Yj ~ Y Vj and Ee^-ey = for 
all j, j' such that j 7^ j'. We notice that 

and therefore, for large x, 

P{7V(0, cr^) <= (foj/cZa; « 2a 7 Q x- 2Q " 1 . 
After some calculations we explicitly write the law of Y G M. d as follows 

(i-i4) ^v(y) = r( "'; i) n , 2 7 ° 

7T2 r(a) (|y| 2 +7) a+ 2 
We are now ready to present the next result. 

Theorem 3. Let &^(t) G R d , t > be an isotropic stable process with (3 G (0,2). 
Then, for a G (0, 1), 

(i.i5) Mth a ) © 2Q (t*) 

7— >o 
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with t* : t H- A— Tr^-^Ct and infinitesimal generator 

(1-16) A/(x) - -A r( f+^ C(-A)°/(x) 

7T2 I (a) 

where 

jR d lyi 

2. Compensated Poisson and fractional Laplace operator 

Let us consider the Levy process Ft, t > 0, with associated Feller semigroup 
T t /(x) = E/(F( — x) solving dtu = Au, uq = f. The operator A is the infinitesimal 
generator of Fj , t > and the following representation holds 

(2-1) W)(x) = _ 1 / e-* x $(€)/(€)d€ 

for all functions in the domain 

(2.2) = |/ G L 2 (M d ,dx) : jf ^ $(€)|/«)| 3 d€ < °°} 

where /(£) = J Rd e^' x /(x)dx is the Fourier transform of /, is continuous and 
negative definite. We say that T t is a pseudo-differential operator with symbol 
exp(— 1<&) and, $ is the Fourier multiplier (or Fourier symbol) of A, (Af)(£) = 
— $(£)/(£)• Furthermore (as in [4]), we write 

(2.3) -d t Ee l ^ Ft =*(£)• 

t=o 

It is well known that, for $(£) = |£| Q , formula (2.1) gives us the fractional power 
of the Laplace operator which can be also expressed as 

-(-Ar/(x)=c,(a)p.v. / { (y) ~/i+i d y 

7 R d |x-y| 2a+<1 

where "p. v." stands for the "principal value" of the singular integrals above near 
the origin. For a £ (0, 1), the fractional Laplace operator can be defined, for / £ <5? 
(the space of rapidcly decaying C°° functions) , as follows 

-<-Ar/(x) - c -fi i /( * +y '^ ( ;,-r»- 2/w dy 

(2.5) j &±ZlY^^ dy , Vx e R d . 

L jR d \y\ 

This representation comes out by considering straightforward calculations and re- 
moves the singularity at the origin ([2]). Indeed, from the second order Taylor 
expansion of the smooth function / (/ £ S*) we obtain 

(2 /(x + y) + /(x-y)-2/(x) \\D*f\\ L ~ 

^ ' |y| 2Q+d ~~ |y|2a+<2-2 

which is intcgrable near the origin provided that a £ (0, 1). The constant Cd(a) 
must be considered in order to obtain (— A) Q /(-)(£) = |£| Q /(£). 
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Remark 2. Let fif, t > be a stable subordinator. The generator o/F^o, t > 
is given by the beautiful formula 

(2.7) - (-Arm = ^ [ (t s m - m) £ 

for all f £ ,5? (T s = e sA is the Feller semigroup ofF t ,t>0). 

Formula (1.2) can be obtained by considering the following characteristic func- 
tion 

N(t) 

Ee*« Zt =E J] e 1 ^ e ^ atEY 

3=0 

i£Y\ N (t) e -i£affiY 

= cxp (xiE(e^ Y - 1-i^Y) 

Therefore, we get that 



d t Ee iiZt 



t=o 



XE(e^ Y - 1 - *£r) = A / (e** - 1 - i^y)v Y {dy) = -$(0- 



If Yj ~ Y are symmetric random variables such that EYj = EY = for all j = 
1,2,.. ., than vy{y) = v Y (—y) and 

(2.8) fyf{x)u Y {dy) = f'{x)( yv Y {dy)+f{x)( yv Y (dy) = 

JR JR\B r J B r 

where we also include those density law v Y (-) for which (2.8) holds as principal 
value. If (2.8) holds true, then formula (1.2) takes the form 

(Af)(x) = A / {f{x + y)- /Or)) M^v) 
Jr 

and the integral converges depending on vy(-). If we choose v Y (dy) = 2a\y\~ 2a ~ 1 dy 
for instance, then the integral must be understood in the principal value sense and 
we get the fractional Laplace operator as formula (2.4) entails. 

3. Proof of Theorem 1 
The characteristic function of (1.7) is written as follows 

Eexp [i^ejYj =E (Ee^ Y ) m 



3=0 



: exp (Xt(Ee^ eY - 1)) 



cxp i^Xt(pEe^ Y + qEe- l ^ Y - (p + q) )J 
exp ^Xt(p(Ee^ Y - 1) + q(Ee-'^ Y - 



From this, we immediately get 

' Xt 



Eexp {i^Ait/^)) = cxp f — (p(Ee ? « y - 1) + q{Eer^ Y - 1)) 



(i 
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We recall that the Levy symbol of a stable subordinator is a mapping from 
which takes the form 

dy 



(3.1) 



H0 a 



(e^y - 1) 



Q + l 



r(i - a) Jo 

for a € (0, 1). The Fourier symbol (depending on 7) of the characteristic function 
of A(t/j a ) is therefore given by 



X 

7 



-(p (e«* - l)vy{dy) + q / (e"^ - l)i^(dy)) 



ady 



ady 



For 7 — > we obtain 



(3.2) MO^*(0=AT(i-a)(p(-iO a + g(if) a ), ae(o,i) 



and, from (2.1) we arrive at 

(3.3) Af{x) = -XT(l-a)(p-f- + q- ' 



dx c 



l d(-xy 



fix). 



The fact that the Levy process (1.8) has infinitesimal generator (1.9) comes directly 
from the characteristic function 

Eexp (ifl5?(p**) - »£.«?(?**)) = exp(-t*pH£) a - t*q^) a ) 
where t* = XT(1 — a)t > 0. Thus, we get that 
-9 t Eexp (*#5?(pt*) - i£3f(gt*)) 



t=o 



Ar(i- a )( P (-zO Q + g(^r 



which coincides with $(£) in (3.2). 

In the last calculations we have used the fact that 



Ee^'W = cxp(-t(-^) Q ) = cxp (-t\Z\ a e- i ^T^') , (gR, t > 



and thus, 



exp 



(-*iei c 



exp(-t(i£) a ). 



The Fourier transforms of the Weyl's fractional derivatives, for a € (0, 1), are given 

by ([6]) 



(3.4) 



d" 



-mdx = ( T io a f{o, feL\R). 



d(±x) a - 

4. Proof of Theorem 2 
For p = q = 1/2 and a € (0, 2) we obtain that 



$ 7 (e) = -a t Eexp(z^(t/7 Q )) 



A 



t=o 



= - —(Ee liY +Ee- liY - 2) 
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- \ I (cos(^)-l)^(dy) 
7 Ji 



where, we recall that 



yy{y) = ^\y\- a -^ 

We explicitly have that 



(|y|>7)- 



<M0=-4 / (cos(e tf )-l)i4(dy) 

7 JR 

(cos(&) - 1) lyl""- 1 ^. 



(T/\ 

By taking the limit for 7 — > 0, wc obtain 

(4.1) $ 7 (0 $(0 = ~ / (cos(^) - 1) M""" 1 ^ = aAC|er 

z JR 

where, due to the fact that (cos(y) — 1) |y| _a_1 < y 2 \y\~ a ~ 1 by Taylor expansion 
near the origin, we obtain that 

Q<C= \ ( (1 - cosfe)) M-"- 1 ^ < 00 

and |£| Q is the Fourier multiplier of the infinitesimal generator of a stable symmetric 
process. Indeed, for the symmetric stable process &^(t), t > 0, (3 G (0,2), we have 
that 



t=o 



and (2.1) holds with 

(4.2) ^ W = _0 W = _£(0 (I) + _^ (I) 

where cr = (cos 7T/3/2)" 1 . The Fourier symbol of the Riesz operator (4.2) is written 
as (see formula (3.4)) 

Therefore, from (4.1), wc conclude that 

W(t/ 7 °) 

in distribution, where 

Ee ««6°(t*) = exp (_£*|£|") 

and i* = aXCt, t > 0. Furthermore, the generator of 6 a (i*) with a G (0, 2) is 



d\x\ a 2tt J r 



We notice that, for a £ (0, 1), the constant aXC equals 
/ (1 - cos(y)) ly^dy -2 [°° (1 - cos(y)) • * 
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a A 

AT(l-a) , ia 



dy 

:,a+l 



a+1 



--XT(1 -«) cos— > 0, a 6(0,1) 



where we have used (3.1). 



5. Proof of Theorem 3 



Wc have that 



N(t) / 

Ee i£-A(t) =E -Q Egte^-Yj = E j 
3=0 \ 



N(t) 



where wc used the fact that Yj ~ Y for all j. Therefore, we obtain that 

Ee ^-A(t) =cxp ( Ai ( Ee «C-Y _ ^ 

(5.1) 



At 



= exp I y (Ee^ Y + Ee"*'* - 2) 

and Y ~ Uy, see formula (1.14). The Fourier symbol corresponding to the charac- 
teristic function (5.1) is given by 



-ft Ee* A M 



t=o 



~ [ (e l « y + e - i « y -2) i , Y (dy) 

z Js. d 



A / cos £ • y — 1 —7 

Vir(a)(|y| 2 + 7 ) Q 



7 a r(a + |) 

Tdy. 



and therefore, for the process (1.15), we get that 



= -A / cos£ • y - 1 

Q JR d V 

The limit for 7 — > leads to the Fourier symbol 

Y(a + -) f / 
(5.2) lira l <& 7 (£) = -A \, 2 / / cos£ ■ y - 1 

7T2 T(a) jR d V 

where 



7T2r(a)(|y| 2 + 7 ) tt+ 
dy 



-dy = $ 7 (£). 



7T2 r(a) 



The interested reader can find in [2] a detailed computation of the integrals in (5.2) 
and (5.3). Finally, we observe that 



t=o 



= "2^ / 
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converges, for 7 — > 0, to the Fourier symbol 



#(0 _ *M/(^ + .-^_ s) * 



2 7rir(a) V v ~ _/ |y| 2a+<r 

By applying formula (2.1), we get 



T(a + -) 

= -A^C(-A)«/W 
7T2 l (a) 



where 



which is the generator of the isotropic stable process & a (t*) with 

* = — — Ct, t > 0. 
7rir(a) 
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